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On the basis of the augmented quasiclassical theory of superconductivity with the Lorentz force, we study the mag-
netic field dependence of the charge distribution due to the Lorentz force in a d-wave vortex lattice with anisotropic
Fermi surfaces. Owing to the competition between the energy-gap and Fermi surface anisotropies, the charge profile in
the vortex lattice changes dramatically with increasing magnetic field because of the overlaps of each nearest vortex-core
charge. In addition, the accumulated charge in the core region may reverse its sign as a function of magnetic field. This
strong field dependence of the vortex-core charge cannot be observed in the model with an isotropic Fermi surface.
It was shown previously1) on the basis of a microscopic the-
ory2, 3) that the vortex-core charge accumulated by the Lorentz
force on supercurrents exhibits a characteristic magnetic-
field dependence in two-dimensional s-wave superconduc-
tors. Specifically, the charge density at the core center ρ0 ap-
proximately obeys ρ0(H) ∝ H(Hc2 − H) owing to the compe-
tition between the increasing magnetic field H and decreasing
pair potential (Hc2: upper critical field). We here investigate
how this peak structure and charge profile may be affected by
two additional factors, i.e., the Fermi surface and energy-gap
anisotropies.
The charge redistribution due to the magnetic Lorentz force
can be described by the Hall coefficient. It is well known
that the Fermi surface curvature plays a crucial role in the
signs and magnitudes of the normal Hall coefficient.4) An-
other crucial factor appears for the Hall coefficient of equilib-
rium superconductors, i.e., the energy-gap anisotropy, which
generally introduces temperature dependences of the excita-
tion curvature formed by quasiparticles. Indeed, it was shown
previously by model calculations on a dx2−y2 pairing that both
the Hall coefficient in the Meissner state5) and the accumu-
lated charge in an isolated vortex core3) strongly depend on
the temperature and may change their signs as a function of
temperature. With these results, one may naturally expect that
the two factors are also important in the magnetic-field de-
pendences of charge profiles in vortex-lattice states. Hence,
we here study the charge distribution in the vortex lattice of a
clean d-wave superconductor with anisotropic Fermi surfaces.
Our calculations are based on the augmented quasiclassi-
cal equations with the Lorentz force in the Matsubara for-
malism.3) We can divide them into the standard Eilenberger
equations6–10) and an electric-field equation1, 3, 5) through an
expansion in terms of the dimensionless quasiclassical param-
eter δ ≡ (kFξ0)−1 ≪ 1, where kF is the Fermi wave number
and ξ0 is the coherence length at T = 0. These equations can
be written as follows.
εn f + 12~vF ·
(
∇ − i2eA
~
)
f = ∆φg, (1a)
∆ = g0πkBT
∞∑
n=−∞
〈 fφ∗〉F, (1b)
∇ × ∇ × A = −i2πeµ0N(0)kBT
∞∑
n=−∞
〈vFg〉F, (1c)
(−λ2TF∇2 + 1)E = −iπkBT B ×
∞∑
n=−∞
〈
∂g
∂pF
〉
F
, (1d)
with the normalization condition g = sgn(εn)
√
1 − f ¯f . Here
f = f (εn, pF, r) and ¯f ≡ f ∗(εn,−pF, r) are anomalous qua-
siclassical Green’s functions, g0 ≪ 1 is a dimensionless
coupling constant responsible for Cooper pairing, µ0 and ǫ0
are the vacuum permeability and permittivity, and λTF ≡√
ǫ0/2e2N(0) is the Thomas–Fermi screening length, respec-
tively. 〈· · · 〉F denotes the Fermi surface average normalized
as 〈1〉F = 1 and φ = φ(pF) denotes the gap anisotropy nor-
malized as 〈|φ|2〉F = 1. Equations (1b) and (1c) are the self-
consistency equations for the pair potential ∆(r) and the vec-
tor potential A(r), respectively. The electric field E(r) due to
the Lorentz force can be obtained from Eq. (1d), which con-
sists of the quasiclassical Green’s function g and B = ∇ × A,
namely, the solutions of the Elienberger equations (1a), (1b)
and (1c). Substituting E into Gauss’ law ρ(r) = ε0∇ · E, we
can find the charge distribution.
For the single-particle energy, we adopt the following di-
mensionless dispersion for a two-dimensional square lattice
used for high-Tc superconductors5, 11):
εp = − 2(cos px + cos py) + 4t1(cos px cos py − 1)
+ 2t2(cos 2px + cos 2py), (2)
with t1 = 1/6 and t2 = 1/5, which forms a band over
−4 ≤ εp ≤ 4. The structure of the Fermi surface εp = εF is de-
termined by the average electron filling per site n (0 ≤ n ≤ 2);
Fig. 1 shows the Fermi surfaces of n = 0.9 and n = 1.95 for
the single-particle energy of Eq. (2). Each of them is given
in the extended zone scheme by a singly connected contour
around (px, py) = (π, π). On the other hand, we express a
dx2−y2 -wave symmetric energy gap as φ(pF) ∝ [(pFx − π)2 −
1
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Fig. 1. (Color online) Fermi surfaces of n = 0.9 (red line) and n = 1.95
(blue line) for the single-particle energy of Eq. (2).
(pFy − π)2] (0 ≤ px, py ≤ π) which is appropriate for n & 0.8.
Vortex-lattice solutions of the d-wave superconductor are
constructed by using the Eilenberger equations. The corre-
sponding vector potential is expressible in terms of the aver-
age flux density ¯B = (0, 0, ¯B) as A(r) = ( ¯B× r)/2+ ˜A(r),12, 13)
where ˜A describes the spatial variation of the flux den-
sity. Previous studies on the vortex lattice configuration14–16)
showed that the square lattice state is more stable than the tri-
angular lattice state over a wide range of fields for the dx2−y2 -
wave pairing. Thus, we use the square lattice throughout this
analysis. Functions ˜A and ∆ for the square lattice obey the
following periodic boundary conditions:12, 13, 17)
˜A(r + R) = ˜A(r), (3a)
∆(r + R) = ∆(r) exp
[
i
|e|
~
¯B · (r × R) + iπn1n2
]
, (3b)
where R = n1a1 + n2a2 with n1 and n2 denoting integers, and
a1 = a2(1/2, 1/2, 0) and a2 = a2(0, 1, 0) are the basic vectors
of the square lattice with the length a2 determined by the flux-
quantization condition (a1 × a2) · ¯B = h/2|e|.
We follow the numerical procedures shown in Ref. 1 to
solve the Eilenberger equations with the boundary conditions
in Eq. (3). The convergence of the iteration can be checked by
monitoring the free energy of the unit cell. We confirmed that
the free energy decreases as the iteration proceeds, which was
stopped when the relative difference between the old and new
free energies decreased to below 10−5.
We need to obtain Hc2 to investigate the vortex lattice state
in the range Hc1 ≤ µ0 ¯B ≤ Hc2. In order to obtain Hc2 cor-
responding to the present model, we derive an equation for
Hc218) that incorporates the effects of the Fermi surface and
energy-gap anisotropies. To this end, we transform Eqs. (1a)
and (1b) into an algebraic equation by expanding ∆ and f
in the basis function using the solutions of the linearized
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Fig. 2. (Color online) Curves of the reduced critical field h∗(t) for the
model of a d-wave superconductor with n=0.9 (red solid line with points)
and 1.95 (blue dashed line with points) and an s-wave superconductor with a
circular Fermi surface (green dotted line).
Ginzburg–Landau equations ψN,q;
∆(r) =
√
V
Ncut∑
N=0
∆NψN,q(r), (4)
f (r, pF, εn) =
√
V
Ncut∑
N=0
fN (pF, εn)ψN,q(r), (5)
where N = 0, 1, 2, · · · denotes the Landau level, q is an ar-
bitrary chosen magnetic Bloch vector characterizing the bro-
ken translational symmetry of the vortex lattice and specify-
ing the core locations, and V is the volume of the system.
We subsequently take the normal-state limit g → sgn(εn) and
A → ¯Bxyˆ in Eq. (1a), substitute Eqs. (4) and (5) into Eqs.
(1a) and (1b), multiply them by ψ∗N′ ,q, and perform integra-
tions over r. Equations (1a) and (1b) are thereby transformed
into ∑
N′
MN,N′ fN′ = φ∆N , (6)
∆N = g0πkBT
∞∑
n=−∞
〈 fNφ∗〉F, (7)
where M is a tridiagonal matrix defined by
MN,N′ ≡ |εn|δN,N′ + β∗
√
N + 1δN,N′−1 − β
√
NδN,N′+1, (8)
with β ≡ sgn(εn)~vFe−iϕvF /2
√
2lc, ϕvF ≡ tan−1(vFy/vFx), and
lc ≡
√
Φ0/2π ¯B. We now introduce the Hermitian matrix
KN,N′ ≡ (M−1)N,N′ and substitute Eq. (6) into Eq. (7). Then,
we obtain the following relation:Γ − πg0kBT
∞∑
n=−∞
〈|φ|2K〉F
∆ ≡ A∆ = 0, (9)
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Fig. 3. (Color online) Charge density ρ(r)/ρ0 in the vortex lattice calcu-
lated for the case of n = 1.95 and µ0 ¯B/Hc2 = 0.022 over −a2/2 ≤ x, y ≤ a2/2,
where a2/ξ0 = 8.0.
Fig. 4. (Color online) Charge density ρ(r)/ρ0 in the vortex lattice calcu-
lated for the case of n = 1.95 and µ0 ¯B/Hc2 = 0.29 over −a2/2 ≤ x, y ≤ a2/2,
where a2/ξ0 = 2.2.
where we define Γ as an Ncut × Ncut unit matrix and ∆ ≡
(∆0,∆1, · · · ,∆Ncut )T . We determined Hc2 as the largest solu-
tion of the equation
detA(H = Hc2) = 0. (10)
Equation (9) with the condition in Eq. (10) is an Hc2 equa-
tion that is applicable to clean superconductors with arbi-
trary energy gaps and Fermi surfaces. Indeed, it reduces to
the Helfand–Werthamer theory19) without impurity scatter-
ing by setting φ to 1 and using the spherical Fermi surface.
It was numerically found for the present dx2−y2 model that
Ncut = 12 yields satisfactry convergence at all temperatures.
We show the temperature dependence of the reduced critical
Fig. 5. (Color online) Charge density ρ(r)/ρ0 in the vortex lattice calcu-
lated for the case of n = 0.9 and µ0 ¯B/Hc2 = 0.018 over −a2/2 ≤ x, y ≤ a2/2,
where a2/ξ0 = 8.0.
Fig. 6. (Color online) Charge density ρ(r)/ρ0 in the vortex lattice calcu-
lated for the case of n = 0.9 and µ0 ¯B/Hc2 = 0.29 over −a2/2 ≤ x, y ≤ a2/2,
where a2/ξ0 = 2.0.
field h∗ ≡ (− dHc2/dt|t=1)−1Hc2(t) (t ≡ T/Tc) of this model
in comparison with the result for a two-dimensional s-wave
superconductor in Fig. 2. We see that the energy-gap or Fermi
surface anisotropy enhances the value of h∗ as the temperature
is lowered.
Using the solutions thereby obtained by the standard
Eilenberger equations, we numerically calculated the charge
density caused by the Lorentz force in the dx2−y2 vor-
tex lattice. The results presented below were obtained for
T/Tc = 0.3, δ = 0.05, λTF/ξ0 = 0.05, and λL/ξ0 ≡√
~/µ0∆0ξ0e2N(0)〈vF〉F/ξ0 = 100.0, where ∆0 denotes the
energy gap at (H, T ) = (0, 0). The charge density and total
charge in two dimensions are normalized by ρ0 ≡ ǫ0∆0/|e|ξ20
and Q0 ≡ ǫ0∆0/|e|, respectively. We also refer to the area
r ≤ a2/(2
√
π) ≃ 0.28a2 ≡ rin as the vortex core region (VCR),
3
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Fig. 7. (Color online) Total charge inside the VCR, QVCR/Q0, as a func-
tion of µ0 ¯B/Hc2 calculated for the case of n = 0.9. The sign reversal of QVCR
can be observed at µ0 ¯B/Hc2 = 0.024.
which occupies half of the unit cell of the vortex lattice, where
r ≡
√
x2 + y2. Circles with a radius of r = rin are drawn in all
figures below in order to visually indicate the VCR.
First, we show the results calculated for n = 1.95, where
the Fermi surface is almost isotropic. Figures 3 and 4 show the
spatial distributions of the charge density at µ0 ¯B/Hc2 = 0.022
and 0.29, respectively, over the range of −a2/2 ≤ x, y ≤ a2/2.
In Fig. 3, the fourfold symmetry of the charge density in the
vortex core is caused solely by the gap anisotropy since each
vortex at µ0 ¯B/Hc2 = 0.022 is almost isolated.3) As the mag-
netic field is increased further, the vortex lattice symmetry
generally starts to affect the charge distribution owing to the
overlapping of vortices.1) We observe the effect of overlap-
ping clearly in Fig. 4 as compared with in Fig. 3; however,
both the fourfold symmetry and the basic charge profile re-
main invariant. Note that the value of the accumulated charge
in the VCR is found to be always negative as a function of
magnetic field.
Figures 5 and 6 show the charge profiles at µ0 ¯B/Hc2 =
0.018 and 0.29, respectively, calculated for the realistic fill-
ing of n = 0.9 for high-Tc superconductors. In Fig. 5 at
µ0 ¯B/Hc2 = 0.018, the region of the negative charge density
extends along the 45◦ directions far outside the VCR owing
to the cooperative effect of the energy gap and Fermi sur-
face anisotropies.3) By increasing the magnetic field, positive
charge accumulates at interstitial regions of neighboring vor-
tices owing to their overlapping, as shown in Fig. 6, causing
a reduction of the positive charge in the core region. We point
out that the change in the charge profile from Fig. 5 to Fig. 6 is
much greater than that from Fig. 3 to Fig. 4 at n = 1.95. Its ori-
gin can be traced to the competition between the energy-gap
and Fermi surface anisotropies, which is far more conspicu-
ous at n = 0.9.
In figure 7, we show the magnetic field dependence of the
accumulated charge QVCR ≡
∫ 2π
0
∫ rin
0 rρ(r, ϕ)drdϕ calculated
at n = 0.9. We see that |QVCR| is enhanced strongly by the
+
−
+
−
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· · · unit cell (outside VCR)
+,− · · · signs of charge
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Fig. 8. (Color online) Schematic drawing of the sign reversal of the vortex-
core charge for n = 0.9 using Fig. 3 in Ref. 5. The normal Hall coefficient
R(n)H is negative for n = 0.9. The accumulated charge inside the VCR, QVCR,
has the opposite sign to that outside the VCR owing to the charge neutrality.
The accumulated charge outside the VCR may change its sign because the
excitation curvature for H : Hc1 → Hc2 changes similarly to that for T : 0 →
Tc.3,5)
magnetic field with a peak near Hc2/2. This peak structure,
which is characteristic of the Lorentz force mechanism for
the charging, originates from the competition between the in-
creasing magnetic field and the decreasing pair potential.1)
The absolute value of this peak can be 102–103 times larger
than that for µ0 ¯B/Hc2 . 0.05. This feature is commonly seen
in our previous study on the s-wave case with an isotropic
Fermi surface. However, for the present anisotropic dx2−y2
pairing on a reasonably anisotropic Fermi surface of n = 0.9,
we even observe a sign change of QVCR as a function of mag-
netic field as seen in the inset of Fig. 7. On the basis of the
charge neutrality of the system, we can analyze the sign of
QVCR in terms of the sign of the accumulated charge out-
side the VCR. A schematic drawing of the sign reversal of
the vortex-core charge observed for n = 0.9 is shown in Fig.
8. Assuming that |∆| is constant to the zeroth order, we may
describe the electric field outside the VCR by
E = B × RH js, (11)
where RH is the equilibrium Hall coefficient tensor in the
Meissner state,3, 5)
RH =
1
2eN(0)
〈
∂
∂pF
(1 − Y)vF
〉
F
〈vF(1 − Y)vF〉−1F , (12)
js is the supercurrent, and Y is the Yosida function.20) The
Hall coefficient, which determines the sign and magnitude of
the carriers in the Meissner state, has the temperature depen-
dence given in Fig. 8, which exhibits a sign change due to the
change in the excitation curvature under the growing energy
gap as T → 0. Now, its high-temperature (low-temperature)
region may be identified with the high-field (low-field) case
in the magnetic-field dependence of the charge accumulation
outside the VCR at T = 0.3Tc. This identification allows us
4
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to describe the magnetic-field dependence of the charge accu-
mulation and its sign change outside the VCR. Thus, we may
conclude that the sign change seen in Fig. 7 as a function of
magnetic field is brought about by the change in the excitation
curvature under the decreasing pair potential as µ0 ¯B → Hc2.
In this context, we note that the vortex-core charge in an s-
wave vortex lattice with a circular Fermi surface has the same
sign (positive) with increasing magnetic field since the exci-
tation curvature outside the VCR does not change.
In summary, we have numerically studied the magnetic-
field dependence of the vortex-core charge caused by the
Lorentz force, focusing our attention on the competition be-
tween the energy-gap and Fermi surface anisotropies. We
found that the accumulated charge in the VCR may reverse
its sign as a function of magnetic field as well as a function
of temperature.3) The sign of the vortex-core charge has been
discussed21) in connection with the anomalous sign change of
the flux-flow Hall conductivity22–24) observed in various type-
II superconductors. Whether the present mechanism for the
sign change is relevant to the sign change of the flux-flow
Hall conductivity has yet to be clarified, which will require
a detailed calculation of the Hall coefficient in the resistive
flux-flow regime.
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